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Background, Task and Results

Stencil computations are important kernels in scientific computing. We consider the memory access requirements of such tasks, in particular the first two terms of the I/O complexity for evaluating the 5-point stencil.

Computation Graphs Compulsory I/Os, I/0O Model [1, 3] Outlook

Grid k1] x [ko] Torus Zkl X Zk2 5-point stencil | | The I/O operations needed 1/O-operations -+ & | e Internal memory size: M Deduce tight I/O bounds for sparse grids in high
| FenEs to initially read the input OrmOOOf_aSetI.l?:C o Assuming: o Grid: [k] x [ko] dimensions {Sparse grid| = O (=& ”) - |Full grid]
I 1t and write the output are | ' " o Grid size: k1 > ko and 22 — ¢
ko kol | | | called compulsory 1/0 op- g E Wm‘? "- | | B . | |
2 2941 - |CPU - : . _ . . .
erations. All other I/Os are . __‘ /reﬁd : I/O complexity of the 5-point stencil C'(k;. ko) :
R S ui el called non-compulsory. e k1ko +O (k1)
-k k1 For the grid there are 2k ko el Ok, ka) = 21Ky it O(kikz) — O (k)
e input layer e output layer compulsory I/Os. exteral memory bt

The Lower Bound

Algorithm

e Work in adjacent (overlapping) /' balls .. Partition Arbitrary Algorithm into Rounds & Bound Work per Round

— 1) non-compulsory I/Os. In addition 2(M —

adjacent £' balls of side length £

Split arbitrary algorithm into rounds of 2(M 1) vertices are Fractional system fon Z7}: f:Z} — [0, 1]

—~  3rd diagonal

£ (& —— transfered to or from that round in the internal memory. Fix one round: o Weight w(f) of asystem f: w(f)=)__ cgn | ()

o0 k

g | e S: Vertices in internal memory at some point. o |T'| <4(M — 1) vertices available in other rounds e Closure 0f of a system f:

:\.‘3 e 7' C S: Vertices also available in other rounds. e 5\ T must have pathwidth < M — 1 1, if f(z) >0
e [/ C S: Stencils computed in the current round. e U(S)CT and FE C A(S) < | 9F@) = max{ f(y) : d(z,y) =1}, if f(z) =

Because of limited pathwidth [4] the torus behaves like an infinitely large grid:

e Fractional ball b¥ of weight v: 3(r, ) € N x [0, 1]

1st diagonal
20 + 1 vertices

1 s.t.: i
— ( TI<4M-1) = |E[S(M-1)?+1 ) 1, ifd(x,0) <r
r R 1 w(b’) =v and b’(z) =1 «, ifd(xz,0)=r
e ... and count the non-compulsory I/Os per row. @ 7o w(s) @=cnT © Zn(S\T) * Ec Al ‘ 0, ifd(z,0)>r
‘ 1,3 9,3 ’ 7
\ \ : . : :
su..s‘ ! ® interior vertices L1,2 : ®e ® LEvaluated stencils L9,2 Theorem 1 (Isoperlmetrlc lnequahty ;L discrete
z ! !iﬂ\ + boundary-1 vertices 3 ® 0 00 e -0 torus [2]). For k > 2 even, f a system on Z;::
. Siale e boundary-2 vertices 2,1 ® Only compulsory I/Os [¥9,1 oFf) > w(opw(f)
. . M+ 2 ® 0 O M w(0f) = w( )
¢ 'lllll . Vlf.ftﬁ?s not mo 3,0 60606060 ® Non-compulsory I/Os |53 e Inner core:
ss."l'a s CHEEOITEL [oETil - 1 O O 0 O o O or transfered - 0, if f( Qj) <
¢ vertice > L ¢diagonal of width ¢ 0 0 - tromi/tolotherround o Af (513 ) — T
\s\,.a. \\ 1,1 T8 1 Hllﬂ{f( ) (ZIZ‘ y) o 1} 1 f(ll?‘) —
. D1 . 22,0 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 7 o Inner 2-core: ©f(x) = A(Af)(z)
e Diagonal of width /: 2 boundary vertices are fol- t J e Inner 2-boundary U f(z) = (f — & f)(x)
° ° ° AN AN | | AN AN | AN | AN AN AN | | AN AN AN | | AN AN AN AN A AN AN
lowed by 2¢ — 2 interior vertices. | iR AR Theorem 1 translates into
o For € — 7 — 2 we can Sweep a dlagOnal WlthOth t = | } | ———T1+—— | ———— | -+ttt | g | ———tt | } | - -ttt > w(A(f)) < w(A(bw(f)))
non'Compu180ry I/OS v oV v 4 J Vv v ¥ VoV v 4 J v v v b ¥ —
é 22 X2 Y21 2,0 3,2 T30 Y22 1,2 3.3 1,3 Y32 T3,1 X4.3 23 Y42 T4 1 X33 T34 T52 g1 I8 3 Ys 2 L9 3 lU(\If(f)) > w(q/(bw(f)))
.Already Yi1,2 3,1 1,1 4,1 Y3z,1 2,3 21 2.4 Y2,3 4,2 22 X34 Y33 I52 T3 2 42 T24 43 72 T8 2 X9 2 T9,1 —
N evaluated > ~ &
32 Cul‘lren’gly One round consisting of 2(M — 1) non-compulsory I/O operations Refe fences
P evaluating N N . .
:: ~ T Stk initial /compulsory read consecutive/non-compulsory read —— algorithm execution [1] All()k Ag%arwal and JgffrTy SaVIttegi The input/ out.put. Com}
‘ memory plexity of sorting and related problems. Communications o
3: e Initial input from final/compulsory write consecutive/non-compulsory write : free memory cell the ACM, 31(9):1116-1127, 1988.
&® external memory M M v

[2] Béla Bollobéds and Imre Leader. An isoperimetric inequality
. on the discrete torus. SIAM |. Discret. Math., 3:32-37, Jan-
Deducing the Lower Bound uary 1990. |

[3] Hong, Jia-Wei and H. T. Kung. 1/O complexity: The red-
blue pebble game. In Proceedings of STOC '81, pages 326—
' 333, New York, NYY, USA, 1981. ACM.

e Temporarily stored
in external memory

e Every boundary vertex causes 2 non-compul-
sory I/Os. Lower bound on torus: By reduction - Lower bound on the grid:

il ks | | 172 152 152
M_ﬂ S Ao Tk NC(kl,kz)zM—HQ — J)Z(M—l) NC(ky, ko) > 45322 O(kM’z>—0(k1)

NC(kr, ko) < kp 22+
(F1, k2) < ko s(M—-1)2+1 [4] P. D. Seymour and Robin Thomas. Graph searching and

a min-max theorem for tree-width. J. Comb. Theory Ser. B,
58:22-33, May 1993.



